
 

Tangent planes the differential of a map doCarmo82.4

Recall For a smooth map f MEIR am P EU

differential dfp Rn Bm linear map
511 511

Tpu Tfp R

If f S Sz is a smooth map between surfaces

differential
of f Afp Tps Tfcps2 linear
at PES

Question How to define it

There are many but equivalent ways to define
it

We will use curves on surfaces



Defa The tangent plane of 5 at p e s
not unique

Tps e gp3
smooth curve a C e e s

S.t X o p and L'co V

Note
Tps

Example S F a for some regular value a C IR

of a smooth F 0 E Ps3 7 B
P open

Then Tps VF Ip
t

by advanced calculus
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Exercise Prove this



We now define the differential of a real valued

function on surfaces

Def Lef f S IR be a smooth function on a

surface S and P E S The differential of f at p

is a map

dfp Tps B

defined as follows for each E Tps choose any
curve A C E E S se X o p x'Col V

Afp V d f actsdt 1 0

Remark We need to check that dfp is well

defined i.e independent of the choice of and

that it is a linear map

Similarly we can define the differential of a smooth

map between surfaces



Def't Let f S Sz be a smooth map between surfaces

The differential of f at p E S is a map

dfp Tps Tap 52
defined as follows for each V E Tps choose any
curve A C E E s s.t X o p x'Col V

let B fo y C E E Sz with f o f p

Afp V B'co C Tap S2

Remark We need to check that dfp is well

defined ie independent of the choice of and

that it is a linear map between the tangent planes










